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Abstract 

We construct geometric realizations of the r-colored bosonic and fermionic Fock space on 
the equivariant cohomology of the moduli space of framed rank r torsion-free sheaves on CP 2 . 
Using these constructions, we realize geometrically all level one irreducible representations of the 
affine Lie algebra gl(r). The cyclic group acts naturally on the moduli space of sheaves, and 
the fixed-point components of this action are cyclic Nakajima quiver varieties . We realize level 
k irreducible representations of gl(r) on the equivariant cohomology of these quiver varieties. 

1 Introduction 

Let M(r, n) be the moduli space of rank r torsion free sheaves on CP 2 C CP 2 , framed at CP^, with 
second Chern class n. M(r, n) is a partial compactification of the moduli space of U(r) instantons 
on C 2 with instanton number n. 

For each I 6 Z r , there is a one-dimensional torus C* acting on M(r,n). Denote the space 
M(r,n) with the torus action specified by I by M^{r,n). In addition to the one-dimensional torus 
action specified by I, there is an r dimensional torus which acts on M(r, n) by changing the framing 
at CP^; all together this gives an action of an r + 1 dimensional torus T on the spaces M^{r, n). The 
T-equivariant cohomology of Mj(r,n) has a natural subspace H^p id (M^{r,n),C) whose dimension 
is equal to the Euler characteristic of Mj(r,n). In this paper, we prove the following theorem: 

Theorem 1. (i) 

l,n 

is a geometric realization of an irreducible module for an infinite dimensional Clifford algebra, 
(ii) For any I € 717 , the space 

0iI^ d (M^r,n),C) 

n 

is a geometric realization of an irreducible module for an infinite dimensional Heisenberg algebra. 
(Hi) Let Q C 27 is the sublattice {(lo, ■ ■ ■ > lr-i) \ = 0} ■ 

HT d {M^n),C) 
TeQ,n 

is a is geometric realization of the basic representation of gl(r). 
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The above representations are constructed by exhibiting explicit correspondences inside prod- 
ucts of the spaces M(r, n). In order to prove that these correspondences satisfy the correct relations, 
we make use of equivariant localization, which relates the equivariant cohomology of M(r, n) to 
the equivariant cohomology of various submanifolds Y C M (r, n) which are stable under the action 
of the torus T. If we take Y = M(r, n) T , where T' is the r-dimensional subtorus which changes 
the framing, then the connected components of Y are isomorphic to products of Hilbert schemes 
C 2 ^™ ' x ... x C 2 ^ ?lr ~ 1 '. We prove the Heisenberg commutation relations by pulling back our opera- 
tors to operators on the equivariant cohomology of Hilbert schemes. This part of the construction 
is thus a natural extension of the work of Nakajima [Na] and Grojnowski [Gr], as modified by 
Vasserot [Vas], who constructed geometric realizations of Heisenberg algebra representations using 
the geometry of Hilbert schemes. 

Representations of Heisenberg and Clifford algebras are very closely related; in fact, starting 
from a repesentation of a Clifford algebra (a "fermionic" object), one can construct representations 
of a Heisenberg algebra (a "bosonic" object), and vice- versa. The translation between the language 
of bosonic and fermionic operators, which was initially discovered by physicists, is known in the 
mathematics literature as the "boson-fermion correspondence." Our geometric Heisenberg and Clif- 
ford algebra constructions provide a geometric interpretation of this correspondence. This extends 
results of Savage [Sav], who studies the construction of a Heisenberg algebra representation on the 
cohomology of the Hilbert Schemes C 2 ' n ^, and relates this construction to a geometric realization 
of level one representations of the Lie algebra sl(oo). 

In order to construct higher level representations of gl(r), we add an action of the cyclic group 
Zfc to the spaces Mj{r, n). The connected components of the fixed point set Mj(r, n) Zfc are Nakajima 

quiver varieties whose underlying graph is the Dynkin diagram of the affine Lie algebra sl(k). As 
vector spaces, there is a natural isomophism 

® fl^M^n^C) ~ 0fl?^(Mj<r,n),C). 

l,n l,n 

However, inside products of the spaces Mj{r, n) Zfc we can define correpondences on which make 

0^ d (M^r,n) Zfc ,C) 
Lit 

into a representation of a different infinite dimensional Heisenberg algebra. Passing from a rep- 
resentation of this Heisenberg algebra to a representation of the Lie algebra gl(r), we obtain the 
following theorem. 

Theorem 2. 

Q)H?p id (Mj{r,n) Zh ,C) 

l,n 

is a geometric realization of a direct sum of irreducible level k representation of gl(r). 

The connection between the representation theory of affine Lie algebras and instanton geometry 
was discovered by H. Nakajima in the remarkable work [Na94] (see also [Na98]). In [Na94], Naka- 
jima constructed representations of infinite dimensional Lie algebras on the homology of quiver 
varieties, which are generalizations of [/(r)-instanton moduli spaces. In particular, Nakajima con- 
structs level r representations of an affine Lie algebra 'g on the homology of moduli spaces of 
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U(r) instantons on C 2 /T, where T C SL(2, C) is a finite subgroup and T and g are related by the 
McKay correspondence. In this construction the finite subgroup T determines the Lie algebra being 
represented and and the gauge group U(r) determines the level of the representation. 

It seems equally natural, however, to expect algebraic objects associated to G (rather than to 
the finite subgroup V) to be related to the topology of moduli spaces of G-instantons on C 2 /T. 
When r = Zfc is a cyclic group, a conjecture of I. Frenkel says that the homology of the moduli 
space of G-instantons on C 2 /Zfc should carry level k representations of the affine Lie algebra g 
associated to G. This second construction of affine Lie algebra representations is different from the 
Nakajima construction, in that the gauge group G determines the algebra being represented, and 
the finite subgroup determines the level of the representation. 

To summarize, fix a simply-laced affine Lie algebra g, corresponding to both a Lie group G and a 
finite subgroup T. There are two different constructions of representations of the Lie algebra g on 
the homology of instanton moduli spaces: 

(a) g acts on the homology of moduli spaces of [/(fc)-instantons on C 2 /T. The level of the 
representation is determined by the gauge group U(k); and 

(b) g~ acts on the homology of moduli spaces of G-instantons on C 2 /Zfc. The level of the repre- 
sentation is determined by the finite subgroup Z^. 

The construction (a) is contained in [Na94], while this paper gives the construction (b) when 
G = U(r) is of type A. In this case the Lie algebra being represented is the affine Lie algebra 
gl(r), and all of the moduli spaces involved have descriptions as Nakajima quiver varieties. When 
G ^ U(r), the construction (b) is still conjectural. If G ^ U(r) and r / Zt, it is an interesting 
question to determine what sort of exotic representations can be realized using the corresponding 
instanton moduli spaces. 

We note that on the equivariant cohomology of the quiver varieties that Nakajima used to 
construct level r representations of sl(k), we construct level k representations of gl(r). Thus, we 
have a level-rank duality in Nakajima quiver varieties of affine type A. In [Pr], Frenkel studied an 
algebraic level-rank duality in the representation theory of gl{r). We expect the contructions (a) 
and (b) above to offer geometric interpretations of algebraic level-rank duality. 

Equivariant cohomology and localization have been used before in order to study the topology 
of the moduli space M(r, n). Of particular note are the papers [NY1], [NY2], which contain much of 
the information used in the constructions of this paper. The goal of [NY1], [NY2], however, which 
is to study instanton counting, does not require a geometric realization of representations. It should 
be interesting to relate instanton counting on surfaces to geometric realizations of representations 
on instanton moduli spaces. 
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2 Algebraic Preliminaries 



2.1 Partitions and Symmetric Functions 

Let A = (Ao > • • • > A m > 0) be a partition of n, which we write using the notation A h n. 
We may associate to A its Young diagram Y\, which we view as a subset of the first quadrant of 
Z 2 , as in [NY1]. Given a positive integer k, we color the diagram Y\ with k colors by coloring the 
node the color j — i (mod k). 

We say that A is A;-regular if each color 0, . . . , k — 1 occurs with the same multiplicity in the k- 
coloring of Y\. Note that if A h n is £;-regular, then n is divisible by k. 

Let Sym be the C-vector space of symmetric functions. Of the many important bases of this space, 

will have occasion to use the following (see [Mac] for definitions): 

the monomial symmetric functions m\ 

the power sum symmetric functions p\ 

the Schur functions s\ 

the elementary symmetric functions e\ 

the homogeneous symmetric functions h\. 

Sym ~ C[pi, P2, ■ ■ ■] is a polynomial algebra in the power-sum symmetric functions {p n }n>o- 
Denote by Syuik-reg C Sym the subspace spanned by the Schur functions s\ for fe-regular partitions 
A. 

2.2 The Clifford Algebra 

Let CI be Clifford Algebra generated by ijj(k),ip* (k), k £ Z, and an element c, with anti-commutation 
relations 

{m,m} = {r(k),r(i)} = o, = s MC 

Define the spin module T to be the unique irreducible Clifford Module which admits a vector 
uq such that 

CUq = i/ 
ij>(k)vo = V/c < 
if (k)vo = V/c>0 

The Spin Module J- is also known as the Fermionic Fock space, and this space has a nice realization 
in terms of semi-infinite monomials. A semi-infinite monomial is an infinite expression of the form 

iq A i 2 A i 3 A . . . 

where iq > %\ > %2 > ■ ■ ■ are integers and i n = i n -\ — 1 for n ^> 0. 

For any semi-infinite monomial Iq Ai± /\%2 A. . ., there exists k E Z such that for u > 0, i„ = —n + k, 
and we will refer to this k as the charge of the semi-infinite wedge i$ A i\ A 12 A . . .. Put another way, 
the charge of io A i\ A 12 A . . . is the integer k such that io A i 1 A 12 A . . . differs from kl\k — \l\k — 2 A . . . 
at only finitely many places. 

Let T{m) be the C-vector space spanned by all semi-infinite monomials of charge m, and let 

in 
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The action of ip(k),ip* (k) on T is denned by wedging and contracting operators: 
if>(k)(io Ah A...) = 

^*(k)(i Ah A...) 

If we define an inner product on T by declaring the semi-infinite monomials to be an orthonormal 
basis, then ip{k) and ip*{k) are adjoint operators. Note that 

i/>(k) : .F(m) — ► J r {m + 1) 

raises charge by one while 

:T{m) — >J r (m-l) 

lowers charge by one. 

There is also an r-tuple version of the Clifford Algebra, denoted by Cl r ; it is generated by 
ipi(k), ip* (k), fc£Z,i = 0,...,r-l and an element c, with anti-commutation relations 

M(fc),^-(0} = {$m$(0} = o, = <%<^ 

We define the r-colored fermionic Fock space J- r by taking the tensor product of r copies of the 
space J 7 , 

f r = T ® • . . ® T 

so that CV acts naturally on T T . 
2.3 The Heisenberg Algebra 

The Heisenberg Algebra 7i is the infinite dimensional Lie algebra generated by c, p(n), n E Z, with 
commutation relations 

[p(n),p(m)] = n5 n+m>0 c 
[p(n),c] = 

Let iB(fc) be the unique irreducible Ti module which admits a vector v§ such that 

CVq = u 
p(n)vo = Vn < 
p(0)f = ku Q 

and let-B = e fe6Z B(fc). 

^ is known as the Bosonic Fock space, and this space has a nice realization in terms of symmetric 
functions. 

Let B a ig = C[q,q~ 1 ,pi,p2, ■ ■ ■], where pi are the power-sum symmetric functions, and let B a i g {k) = 
<7 fc C[pi,p2) • • •] = q k Sym. Define the action of Tt on the space on B a i g (k) by 

cf = f 



( — l) s io A ... A i s -i A k A i s ■ ■ ■ i s -l > k > i s 
k = i, for some s 



(-l) s io A . . . A i s -i A i s+x . . . k = i s 

k ^ i s for all s 
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p(n)f = p n f Vn > 
d 

P{n)f = T—f Vn < 
P(0)f = kf 

Putting together the actions for different k, we have an action of TC on B a [ g . We define an inner 
product on B a [ g by declaring the elements q m s\ to be an orthonormal basis. With this inner 
product, the operators p(n) and p(—n) are adjoints. 

There is also an r-colored version of the Heisenberg algebra, denoted by Ti r . This is the Lie algebra 
generated by c, Pi(n), n G Z, i = 0, . . . , r — lwith commutation relations 

\pi(n),pj(m)] = n5n+m,o8i,jC 

\pi(n),c] = 

If we take r copies of B a i g and set B r alg = B a i g ® . . . ® B a i g , then we have a natural action of Ti r on 
B r alg . We will refer to B r alg as the r-colored bosonic Fock space. 

2.4 The Boson-Fermion Correspondence 

We may associate a partition A = (Ao > • • ■ > A^) to a semi-infinite monomial iq A i\ A . . . of charge 
m by setting 

\j = ij — m + j 

The correspondence 

io A i\ A . . . <-> A 

allows us to define an isometric vector space isomorphism 

4>: F — > B a i g 

0(i o A ii A . . .) = q m s x 
for a semi-infinite monomial Zq A ii A . . . of charge m. 

We use this isomorphism to define an action of 7i on JF, and an action of CI on In order to do 
so, we define the operators h(k), e(k) as homogeneous components of the generating functions 



exp(J2 —P( n )) = ^2 h W z 

n=l k=l 

oo n oo 

exp(^2 —p{-n)) = ^2 h(-k) 



00 ~r, 

z k 

n 

n=l k=l 



and their inverses 



exp(-^2—p(n)) = ^2e(-k)z k 

n=l k=l 

oo n oo 

exp(- —P( n )) = Yl e ( fc ) 



. )z 

n 

n=l k=l 
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The operators h(k),e(k) are adjoint to the operators h(— k), e(— k), respectively. As operators on 
the space of symmetric functions, h(k), k > is multiplication by the homogeneous symmetric 
function hk- Similarly, e(k), k > is multiplicaton by the elementary symmetric funcion (see 
[Macdonald].) 

We also define the shift operator 

Q '■ Baig(k) — ► B a i g (k + 1) 

?(/) = qf 

Note that q and q -1 are adjoint operators. 

Proposition 1 (Fr 81). a) As operators on B a [ g , the bosons can be written in terms of the 
fermions: 

Pi n ) = + n WU) 

i/ti/0, and 

p(o) = !>(.?>* oo -j>* ox?) 

i>o j<o 

6j ^4s operators B(m) — > B(m ± 1), i/ie fermions can be written in terms of the bosons and the 
shift operator: 

tp(k) = qh{n)e{n — m + k) 

ip*(k) = q~ 1 e(n)h(n + m + k) 

nez 

There is an r-colored version of this correspondence, using the isomorphism T r ~ B r , and r different 
shift operators qo, ■ ■ ■ q r -i- We define the operators hi(k) to be homogeneous components of the 
generating function 

oo n oo 

71=1 fe=l 

and similarly for the operators Ci(k). In terms of symmetric functions, the operator hi(k) is multi- 
plication by the ith coordinate homogeneous symmetric function l(g)...ig)/jfc®...l € Sym r , and 
similarly for the ej(fc). 

Proposition 2. oj ^4s operators on B r alg , the bosons can be contructed from the fermions: 



if n 0, and 



Pt (0) = Y,Mk)^*(k) - ^Uk)Mk) 

j>0 j<0 

b) As operators B T alg {m) — ► B r (m ± 1), the fermions can be constructed from the bosons and the 
shift operators: 



= ^2 qihi(n)ei(n - m + k) 
ip*{k) = q^ 1 ei{n)hi(n + m + k) 
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2.5 The Affine Lie Algebra gl(r) 

Let gl(r) denote the Lie algebra of r x r matrices. Let e^-, i, j = 0, . . . , r — 1 denote the matrix 
units, which form a basis of the vector space gl(r). Let hi = en be the diagonal matrix units. 
The span of the {hi} (the Cartan subalgebra of diagonal matrices) will be denoted by t). If n + 
(resp. n~) are the strictly upper triangular (resp. strictly lower triangular) matrices, then we have 
a decomposition 

g l(r) = n + © f) © n~ 

The Z-lattice spanned by the hi, called the weight lattice, will be denoted by P. 
The affine Lie algebra gl(r) is the infinite dimensional vector space 

gl(r) = gl( r ) <gj C[t, t" 1 ] © Cc 

with Lie bracket 

[x ®t k ,y® t l ] = [x, y] © t k+l + k5 k+lfi {x, y)c 

where (x, y) = tr(xy) is the invariant bilinear trace form, and c is central. 
Let 

gl{r) = gl(r) x d 

be the semi-direct product of gl(r) with the derivative d = t4z. The subalgebra t) = f) Cc0 Cd is 
the Cartan subalgebra of gl(r). If we set 

n± = ® gl(r)) ® t^Ci^ 1 ] 

then we have a triangular decomposition 

gl(r) = n + ©^©n". 

Let P = P © Zc © Zd be the weight lattice of gl (r) . The subset 

P ++ = {a -\d + ao^o + • • • a r _i/i r _i | a_i > ao > . . . > a r -i} 

is called the set of dominant weights. 

2.6 Highest Weight representations of gl(r) 

For A £ the irreducible highest weight representation V(A) is by definition the unique irre- 

ducible gl(r) with a vector vq satisfying 

TI + Uq = 

and 

huo = (A, h)vQ, h G f). 
The integer m = (A, c) is called the /eve/ of the representation V(A). 



One constructs highest weight representations of gl(r) (see [Fr-K], [Se], [K-K-L-W]) from the 
bosonic or fermionic Fock space constructed above by using vertex operators to extend the action 
of the Heisenberg or Clifford algebra to an action of the entire affine Lie algebra. For example, 
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in order to construct the level one representations of gl(r) inside the fermionic Fock space J- r , we 
introduce the normal ordering 

We can then define an action of gl(r) on T r by setting 

d j <g> t k i-> : A{n + fe)^(n) : 

In particular, the r-dimensional Heisenberg algebra (called the "homogeneous Heisenberg subalge- 
bra") 

n r = jj®c[t,t -1 ] ecc 

acts on J 77 " as in the Boson-Fermion correspondence above 

hi <g) t k i-> ^ '■ ^i{ n + k)ip*( n ) '■ 

The spaces 

F r (m) = ^2 ^(roo) ® ■ ■ ■ ® f(mr-i) 

mo+...+m r _i=m 

are all irreducible level one representations of gl(r), and all of the irreducible level one representa- 
tions of gl(r) are realized as T T {m) for some m. 

Alternatively, one can start from the tensor product of the irreducible Heisenberg algebra repre- 
sentation Sym r and the lattice group algebra C[Z r ], and construct the bosonic Fock space 

B r = Sym r ®C{Z r ] 

The operators given by the action of the Heisenberg algebra and translation in the lattice can be 
put together (using vertex operators) to define an action of gl(r) on the space B r , which decomposes 
into irreducible level one representations. The isomorphism between these two constructions (one 
on T r and one on B r ) essentially follows from the boson-fermion correspondence. 



In order to get representations of level k for k > 1 , we consider the subalgebra 

gl(r) k C gl(r) 

gW) k = 9l{r)® < C-[t k ,t- k ]®Cc. 

Note that there is a Lie algebra isomorphism gl(r) k — gl(r). The space J- r , when restricted to 
the subalgebra gl{r) k , decomposes into a direct sum of irreducible level k representations, and all 
irreducible level k representations are realized in this way. 
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3 Geometry of Quiver Varieties 



3.1 Construction of Quiver Varieties 

Let V be a an ra-dimensional vector space, let W be an r-dimensional vector space, and let 

A, B G Hom(V,V), i G Hom(W,V), and j G Hom(V,W). Corresponding to the Aq Dynkin 

diagram we have the varieties 

M(r,n) = {(A,B,i,j) \ [A, B] + ij = 0, stability} 

M(r,n) =M(r,n)/GL(n,C). 

Here "stability" means that we take only those quadruples (A,B,i,j) satisfying the following con- 
dition: 

If i(W) C V C V for some A,B-stable subset V, then V = V. 

This condition guarantees that GL(n,C) acts freely on M(r, n) (see [Na 94]). 

M(r, n) is isomorphic to he moduli space of rank r framed torsion-free sheaves on CP 2 with second 
Chern class eqaul to n. In the special case r = 1, M(l,n) is isomorphic to the Hilbert Scheme of 
n points on C 2 , which we will denote by <C? [n \ (See [Na 99], Ch. 3.) 

For a positive integer k, let Z^ C SL(2, C) be the cyclic subgroup of order k, let Hi, i = 0, . . . , k — 1 
be the irreducible represenations of and let Q be the two-dimensional TL^ module defined by 
the inclusion into SX(2,C). We also allow k = oo, in which case we set = C*, embedded in 
SL(2, C) as the diagonal matrices. A pair of endomporphisms A, B € Hom(V, V) can be considered 
as a point (A,B) G Hom(Q ® V, V). If in addition V and are Z^-modules, then Z^ acts on 
M(r, n) and M(r,n). 
Define 

M(i?,t3) = {(A,J3,t,j) G i?om Zfc (Q®T/,y)xFom Zfe (I^,y)x J H"om Z; (y,iy) | [A,B]+ij = 0, stability} 

M(w, v) = M{w, v)/ \\ GL{Vi) 

i 

Here w = (wq, . . . Wk-i), v = (vq, . . . , Vk-i) are the decomposition vectors of W = ®iWi ® and 
V = @i~Vi ® 7£j into irreducbible Z^-modules, and Homz k (X,Y) denotes the Z^-invariant part of 
Hom(X,Y). 

The spaces M(w, v) will be called Ak-i quiver varieties (or ^loo quiver varieties in the case I = oo,) 
and their relationship to the original space M(r, n) is given by the following proposition: 

Proposition 3. For a Z^ module W ~ C r , the fixed point components of the natural Z^ action on 
M(r,n) are the Ak-i quiver varieties (or A^ quiver varieties in the case k = oo): 

M(r, nf k = ]J M(w, v) 

J2 v i= n 

Proof. See [Na97]. □ 
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In the case I = oo, dimW = 1, the non-empty A^ quiver varieties are all points, and these points 
are parametrized by partitions A = (Ai > ... > A n ). Explicitly, let W — C be the C* module 
p(t) = t l , and let 1; be the decomposition vector of W, so that 



(lj)n 



1 l = n 

otherwise 



Proposition 4. The collection of A^ quiver varieties {M(li,v}} is in natural bijective correspon- 
dence with the set of partitions of charge k. 

Proof. See [Fr-Sa]. □ 
3.2 Torus actions on M(r,n) 

Let T' = (C*) r C GL(r,C) be a maximal torus. Let a = diag(ao, ai, ... , a r _i) G T', and for 
f= (Z ,...,Z r -i) G ^ r let b^= diag(t lo ,t h ,. . . ,t lr - 1 ). We define an action of T = C* x T on M(r, n) 
via 

t(A,B,i,j) = {tA^B^a- 1 ^ 1 ^) 
We denote the space M(r, n) with the above T-action by Mj{r, n) 

Lemma 1. The fixed point components M^{r 1 n) T are products of Hilbert Schemes on C 2 : 
l[M(r,nf'= I] M, (l,rc )x...xM, r _ 1 (l,n r _ 1 )^ ]J C W x . . . x C 2 ^ 1 

n n=(no,...,n r -i) n=(no,...,n r -i) 

Proo/. See [NY1] □ 

Lemma 2. T/ie T fixed points in Mr(r, n) are isolated and naturally identified with the set of 
multipartitions A = (Ao, • • • , A r _i) of charge I = (Iq, . . . , l r -i) and total size n. 

Proof. See [NY1] □ 

The character of the Tangent Bundle to M(r, n) at A, which we denote by T^ is given by (see [NY1]) 

r-1 

T i = E n *j> 

a,0=O 

N a:P = t^-^epe- 1 x (J2t~ h0 ' ais) + E t haAs) ) 

In the above formula, hp ta (s) denotes the relative hook-length of the square s 6 A (See [NY1]) 
The Tangent bundle to M(r, n) T ' at A, which we denote by is given by taking the a = (3 part 
ofT x , 

^ = E(E^ (S) + E^ } )- 

Here h(s) is the ordinary hook length of s. 
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3.3 Ak-i quiver varieties and the Hilbert Scheme C 2 /Z& 

In the special case w = (1,0, ...,0) and v = (n,n,...,n), the ^4fc_i quiver variety M(w,v) is 

[n] 

diffeomorphic to the Hilbert scheme C 2 /Zfc , discussed in detail in [Kuz]. We will denote the 
quiver variety M(w, v) for this particular choice of w, v by M(1q, n). 
There is an inclusion [G-K] , [It-Na] 

c*/z k ^ c 2[fc] , 

and our C*-action on C 2 ^ restricts to a C*-action on C 2 /Zfc. This, in turn, induces C* actions on 

-~-[n] 

all of the Hilbert schemes C 2 /Zj, . 

- - H * 

Lemma 3. The fixed points (C 2 /Z^ ) c are isolated, and in natural bijection with the set of 
k-tuples of partitions A = (Ao, ■ ■ • , ^k-i) of total size n. 

Proof. See [Kuz], [Q-W]. □ 
Of course, the quiver variety M(l ,n) has a C* action induced from the inclusion 

M(f ,n)^C 2[fcn] 

and the fixed points M(lo,n) are given by the k — regular partitions of kn. 

Let A E M(lo,ra) c * be a fc-regular partition of kn. The character of the tangent space to M(lo,n) 
at A is given by taking the Z^=invariant part of the character of the tangent space to at A, 

and is thus given by 

sex sex 

where 5 k b is equal to 1 if a = b modulo k and equal to otherwise. The above formula shows 
that the only hook-lengths which appear as weights in the above tangent space are those which are 
divisible by k. Letting h k (s) = ^jjr, we can re- write the above character as 

t x = y^ t khk{s) + E t~ hhk{s) 

sex k sex k 

where X k consists of those boxes of the Young diagram of A whose hook- lengths are divisible by k. 

— [n] „ [n] 

Now let A = (Ao, . . . , \k-i) G (C 2 /Zfc ) c . The character of the tangent space to C 2 /Zfc at A 
(see [Q-W]) is given by 

T x = E ( E tkh{s) + E t_fch(s) ) 

o=o sex a sex a 
A C*-equivariant diffeomorphism [Kuz] 

[„] 

/: M(l ,n) ^C 2 /Z fc 

takes fixed points to fixed points, giving an explicit combinatorial bijection between the fixed point 
sets M(lo,n) c * and (C 2 /Z^ ) c . Moreover, / induces a C*-module isomorphism 

/* : T\ — > Tf( X ) 
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so that the above characters are actually the same. As a function from V reg (kn) to V k (n), this 
bijection is known as the k — quotient (see [Mac], [Lei]), a notion that occurs naturally in the 
modular representation theory of the symmetric group. This diffeomorphism and the associated 
bijection will be important for us later when we discuss representations of level k > 1. 

3.4 Equivariant Cohomology of Quiver Varieties 

Let M be a quiver variety of complex dimension 2m, and suppose that T = (C*) fc acts on M with 
isolated fixed points. Let Bt be the classifying space of T, and let Et be the universal bundle. T 
acts freely on the space Et, and hence freely on the product M x Et- The equivariant cohomology 
of M is defined to be the ordinary cohomology of the quotient space M Xy Et- 

H T (M,C) = H*(M x T E T ,C) 

We will always use complex coefficients for the equivariant cohomology of M, which we will denote 
by H*(M). 

H T (M) is a module over R = H T (pt). Let 1Z denote the field of fractions of R, and let TL T {M) = 
H T (M(r, n)) ®_r 7Z be the localized equivariant cohomology of M. 

All of the usual cohomological constructions carry over to the equivariant setting. In particular, if 
V is a T-equivariant vector bundle on M, we have equivariant Chern classes Cfc(V) £ H T k (M). If V 
is an n-dimensional vector bundle, the top equivariant Chern class c n (V) is called the equivariant 
Euler class of V, and is denoted by e(V). 
We endow Tt T (M) with an inner product given by 

(,} :H T {M) x H T {M) — >K 

(x,y) = (-l) m p*(n)- 1 (x\Jy) 

where i is the inclusion 

i: M T ^ M 
and p is the unique map from M T to a point 

p : M T — ► {pt} 

For a T-stable smooth subvariety Y C M, the normal bundle Ny to F in M is T-equivariant vector 
bundle. If a one-parameter subgroup C* — ► T acts trivially on Y, then this subgroup induces a 
splitting 

Ny = Ny © Ny © Ny 

where 

iV+ = 0AV( n ) 

n>0 

is the positive weight space of C*, 

Ny=^N Y (n) 

n<0 

is the negative weight space of C* and N Y is the zero weight space. 

If T' C T is the subgroup of T which acts trivially on Y, then by choosing a generic one-parameter 
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subgroup of T' we can guarantee that N Y = 0. In general we can choose a splitting such that the 
equivariant Euler classes of the bundles Ny , Ny satisfy 

e(AT+) = (-ire(Ny); 

for our purposes we will need to choose such a splitting in three different cases, as explained in the 
following three examples: 

Example 1 Let M = M(r, n) and Let T = C* x T' be the r + 1-dimensional torus acting on 
M(r, n), where T' ~ (C*) r be the r-dimensional subtorus acting only on the framing. Let 

Y = M(r,n) T '= ]J C 2M x...xC 2M 

(n ,...,n r _i 

Then the Normal bundle N to Y splits as a direct sum 

r-l 

and we choose the one-paramter subgroup given by (1, 1) x (1, t, t 2 , . . . , t r ~ l ) € C* x T' = T so that 

N + = 

Q</3 

N- = N a > p 

a>/3 

Then, looking at the character for the tangent bundle, we see that N® = and that e(N a ^) = 
(— l)e(iV^' Q ), which implies that 

e (jV+) = (-l)( r -V n e(N-). 

Example 2 Fix a Z/% module W — C r . Z^. acts on M(r,n) via the inclusion Zj. ^ S'L(2,C) and 
the framing action W. This Z^ action commutes with the T action, so that the tori T and T' act 
on M(r,n) Zk . Let M be a connected component of M(r, n) Zfe , and let 

y c m t ' 

be a connected component of (M(r, n) Zi! ) T ' (so that we have taken a Z^-invariant piece of example 
1.) Choose the one parameter subgroup of example one. The normal bundle Nf. to Y C M is given 
by taking the Z^-invariant part of the bundle N in example one. Again, looking at the character 
of this bundle, we have 

e(N+) = (-ire(iV-). 

where 2m is the complex codimension of Y in M. 

Example 3 Let M = M(r, n), with the T action of example 1, an let 

y = M(r,n) T . 

In this case, the fixed points are isolated, and the normal bundle at y is the full tangent bundle T y . 
We choose the one-parameter subgroup given by (f , t~ r ) x (1, t, t 2 ,..., f- 1 ) G T, which also has 
isolated fixed points. Then, for y € Y, we have 

e(T+) = (-ire(T-). 
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3.5 Localization and the Transport Map 77 

We return now to the general case of a smooth, T-stable subvariety Y C M. Let iy : Y — ► M be 
the inclusion. For x G Hj,(Y), define 77(2) by 

V (x) =i Y *(x)Ue{N~)- 1 = Y / iY^(x)Ue(Nrr 1 

j 

where {Yj} are the connected components of Y. 

A priori, the image of rj lies in the localized equivariant cohomology of M, since we divide by the 
equivariant Euler class. However, using the argument on [Na] section 6 (see also [Vas]), we have 
the following lemma: 

Lemma 4. If x G H£(Y) then n(x) G H^(M). 

Proof. Repeat the argument of [Na] section 6. □ 
Thus, we have a well-defined map 

77 : H^{Y) — ► H£(M) 



Define HJp ,ld (M) to be the image of Hj,(M T ) under the map r\. HJp- ld {M) is a subspace of the 
middle dimensional equivariant cohomology H^! 7l (M), and the dimension of Hip id {M) is equal to 
the number of fixed points #{M T }. This number is equal to the dimension of the total ordinary 
cohomology H*(M), since M has a Bialinicki-Birula decomposition with one cell for each fixed 
point. Since all the cells in the Bialinicki-Birula decomposition are even-dimensional, the quiver 
variety M has no odd dimensional homology; thus the dimension of HJp id (M) is the same as the 
Euler characteristic of M. 



Lemma 5. Let Y C M be a T-stable smooth subvariety, and let 

T) : H^(M T ) — ► Ht(M) 

t]' : H^(Y T ) — ► H£(Y) 
7]" : H}(Y) — ► H^(M) 



be the corresponding maps. Then 



ri"{H^ id {Y)) C H^ id (M) 



Proof. Let y G Y T , and let N,N' be the tangent bundles to M at y and to Y at y, respectively. 
Then N = N' © N" , where N" is the normal bundle to Y in M at y. It follows that 



7] = 7] 7] . 



□ 

Proposition 5. The restriction of (,) to H™ ld (M) (note: non-localized) is non- degenerate and C 
valued. 
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Proof. By the localization theorem ([C-K]), the classes T](l\) for points A € M T form a basis of 
H™ d {M). So, we directly compute 

( V (l x ), r?(V)) = (-l) m p*(i*r\v(W U r?(l M )) = 

= (-1)>*(^) _1 (u*(1a) U v^V) U e(AT A -)- U e(iV-)-) = 5 A , M (-l) m e(iV A )- 2 e(r A ) = 6 X ^. 

Thus, the classes r](l\) form an orthonormal basis, and the bilinear form restricted to HJp ,ld (M) is 
C-valued and non-degenerate. □ 

We will denote this restricion by (, ) as well. 



r) : H?p id {Y) — ► H^ id {M) 



Corollary 1. 

is an isometry. 
Proof. Let 

7?i : H%(Y T ) — » H?p id (Y) 
772 : ^°(^ T ) — ► H r f d {M) 

Then, by the computation in the above lemma, rji and 772 are isometries. But 772 = 77771, and 771 is 
surjective. Thus 77 is an isometry. □ 

3.6 Localization of Correspondences 

Let M\,M2 be quiver varieties with a T-action, and let Y\ C Ml, Y<i C M2 be T-stable smooth 
subvarieties. Let Z C Y\ X I2 be a T-stable correspondence, so that the fundemental class [Y] 
defines a linear map 

[Z] : ^(Yi) — » H* T (Y 2 ) 

[Z](a)=q 2 M(a)U[Z]). 

Here (71,(72 are he projections from Yi x Y2 to Y\,Y 2 respectively. We extend 77 to a map on 
correspondences by setting 

r,([Z}) = (i x x hU[Z\) U (e(iV 1 + )- 1 ® e(A^)- 1 ) 

so that 77 ([Z]) defines a linear map 

V ([Z]) : fl£(Mi) — fl?(M 2 ) 

7 ? ([Z])(6)=p2*(^(6)U77([Z])). 
Here p\,p 2 are the projections from Mi x M2 to Mi,M2, respectively. 
Proposition 6. 

77([Z])(77(x))= 77([Z](x)) 
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Proof. Let 

Pj : Mi x M 2 — ► Mj j = 1, 2 

and 

g. : Yl x y 2 — ► Y,- i = 1, 2 

be the projection maps, and let 

: V) • Mj j 1.2 

be the inclusion. Then 

v([Z\)(r,(x)) = 

= P2*{v*Mx))Uil{[Z\)) = 

= P2*(pJ(ii*(x)Ue(iV 1 -)- 1 )U(ii xi 2 ),([Z])Ue(iV 1 + )- 1 Ue(iV-)- 1 ) = 

= P2*(p*(iu(a?)) U (ii x i 2 )*([Z)) U e^)- 1 U e^")" 1 ) = 

= P2*(h x i 2 ).((»i x i 2 )*Pt(iu(x)) U [Z] Ue(iVi)- 1 Ue(Nz)- 1 ) = 

= i2.«2.(?i*i(»l.(a0) U [Z] U e^i)" 1 U e^")- 1 ) = 

= *2*<?2*(<Zi(z) U e(iVi) U [Z] U e(iVi)- 1 U e^")" 1 ) = 

= *2*<Z2* (?J(x) U [Z]) U e^")- 1 = 

= r 1 ([Z](x)) 

□ 

Corollary 2. 7/ [Z] : H™ id (Yi) — ► H™ id (Y 2 ) then 

r?([Z]) : H^ id (M x ) — ► Hf id {M 2 ) 

Proof. If i £ then r/(x) G H™ id (Nh). By assumption [Z](x) G H™ id (Y 2 ), so that 

r/([Z](x)) G HJp id (M 2 ). The claim now follows from the above proposition. □ 

The above proposition and corollary will allow us to compute the (anti-)comutation relations of 
an operator [X] and it's adjoint [X]* on (|) n H^(M(r, re)) by computing relations of the transported 
operators ry _1 ([X]), rj^ 1 ([X]*) on @ n Hj,(Y(n)) for suitably chosen T-stable subvarieties Y(n) C 
M(r,n). 

In particular, we will consider the subvarieties of examples 1,2, and 3. The inclusions 

M(r,n) T ' ^ M(r,n) 

(M(r,nf k ) T ' ^ M(r,n) Zk 
M{r, n) T ^ M(r, n) 
of examples 1,2, and 3 above give rise to distinct transport maps 

r?i : H^ id (M(r,n) T ') — > H^ id (M(r,n)) 

Vk : JPp id (M(r,nf k ) T ') — ► H^ id (M(r,nf") 

r) : Hp id {M(r,n) T ) — ► H^ id {M{r,n)) 

which will be used to compute the commutation relations of the Heisenberg and Clifford operators 
defined in the next section. 
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4 Geometric Realization of Heisenberg and Clifford Operators 

In this section we consider the fundemental vector space 

^ = 0i?r d (M^r,n)). 
n. i 

and define correpondences which induce operators 

Pi(n),^i(n),il)Un) :B r ^B r . 
These operators will make B r into a module over the Heisenberg algebra TL r and the Clifford algebra 

cr. 



4.1 The Clifford operators ipi{k),ip*(k) 

For simplicity, we begin with the case r = 1. 

For x = (A, B, i) G M(l h v), y = (A', B', i') € M(l h u), we write 

x — » y 

if there exists S C V an A, instable subset of dimension v — u such that 

(A v/s ,B v/s ,i v/s ) = (A',B',i r ). 

Here M(l;, v) is the affine space used to define the A^ quiver variety M(l;, v), and A v j s , B v j s are 
the endomorphisms of the quotient space V/S induced from A and B. 

Example: The Hecke correspondence E\~ used by Nakajima [Na 94] to define the action of Chevalley 
generator £ sZ(oo) on ^-*(H*(M(l,v) can be constructed in this notation as 

E{k) = {(x,y) eM(l h v) xM(l,,tr+l fc ) | y -» x} 

Then, modding out by the (BkGL(Vk) actions in both factors defines a correspondence e^. These 
correspondences and their adjoints generate the action of sZ(oo) on the cohomology of A^ quiver 
varieties. See [Sav]. 

For a Z-graded vector space V of dimension v and homogeneous maps A, B € Hom(V, V), let A(V) 
and B(V) denote the images of the linear maps A and B. Let a(v) and b(v) denote the dimension 
vectors of the vector spaces A(V),B(V) respectively. 

If x = (A,B,i) S M(l[,v), note that A{x) := (^.^(y) , B^y\ , Ai) defines a point in M(l/+i, o(u)). 
Similarly, B(x) := (A B ( V ), B B (yj, Bi) defines a point in M(l/_i, b(v)). 
Given a pair of integers k > I let k l be the vector 

k l (i) = { I l 1 l<k 
y otherwise 

Define a{k\g C M{l u v) x M(U +1 ,v + k l ) as follows: 

a{k\v = {(x,y) | y -» A(x)} 
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Modding out by the GL(Vk) actions in both factors, a(k)i& defines a correspondence, which we 
denote by a(k)i^ 

a(k)^C M(l h v) x M(h +1 ,v + k l ) 

Let (3{k)itf denote the adjoint correspondence obtained by swapping the factors 
M{l h v) and M(l l+ i,ti+k l ). 
Similarly, if k < Z, let k[ be the vector 

. ... fl k - 1 < i < I 
kAi) = < 

[ otherwise 

Define p(k)i$ C M(l h v) x M(L;_i,tf + %i) as follows: 

(3(k\v = {(x,y)\y^B(x)} 

Modding out by the GL(Vk) actions in both factors, 0(k)i$ defines a correspondence 

/3(fc)j,ffC M(l h v) x Mil^v + ki). 

Let a(k)i^ denote the adjoint correspondence obtained by swapping the factors 
M(l h v) and M(l,_i, 



For k,l e Z,v = (fm)mez, let 

n(/c, Z, v) 



Vk k > I 

Vk + l-k k <l 



Define operators ip(k), ip*(k),k € Z by 

^(*) = 0(-l) n( ^^([«Wz,d) 

if-*(*) = 0(-i) n{w) ^([^M) 

where 

r? : 0F^(Af,(l,n) c *) — 0^(^(1, n)) 

n,i n,l 

is the transport map, extended to a map on correspondences as described in the section on equa- 
variant cohomology of quiver varieties. 

On r-component products of quiver varieties we have r different correspondences ai(k)i t $, f3i(k)i^, 
i = 0, . . . r — 1 modifying only the zth factor of the product. Accordingly, we can define operators 

using the map 

rj . H ™ d (Mfr, n) T ) — H™ d (Mj(r, n)) 

n.l 

Note that, by construction, the operators ipi(k) and ift*(k) are adjoint to one another. 
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4.2 The Heisenberg operators Pi(n) 

Define Z° C IJ„,fc C2W x ^ x C 2[n+k] to be the variety of triples (A,B,C) such that A and B 
have disjoint support, and there exists an exact sequence 

-> A-> C -> 5 ^ 

Let Z be the closure of Z°. The fundemental class [Z] defines a multiplication 

[ Z ] : fl™*( C 2[n] ) ® H™ d (C 2[n] ) — #™ d (C 2W ) 

n n n 

which makes @ n i?™ d (C 2 ^) into a commutative algebra (see [Gr]). We construct an r-colored 
version of this algebra by defining 

Z°> r c ]J (C 2[no] x ... x c 2K - l] ) x (C 2[fco] x ... x C 2[fcr - l] ) x (c 2[no+feo] x ... x C 2K-i+*r-i]) 

n,k 

to be the variety of triples (A, B, C),A = (A , ... , A r -i), B = (B , ... , J3 r _l)> C = (Co, ... , C r _i) 
such that for each i: 

1) Ai and B^ have disjoint support, and 

2) there exists an exact sequence 

->■ Ai -»■ Ci ->■ Bi -► 

Let Z r be the closure of Z°' r . If 

r?! : 0^( M/ {r,n) T ') — ©^(Af^.n)) 

n n 

is the transport map, then 771 ([Z]) makes H™ td (Mj{r,n)) into a commuative algebra. 
Define a new C* action on M^{r, n) by 

to(A,B,i,j) = (tA,B,i,tj). 

This C* action commutes with the T action on Mj(r,n). In particular, we have an induced action 
of C* (also denoted by o) on Mj{r, n) T . The fixed point components Mj{r, n) T xC (which are not 
in general isolated) are naturally enumerated by r-tuples of paritions of total size n (see [Na 99]), 
and we denote the fixed point component corresponding to A by Cr. 

For jjL h n, let \xi be the r-tuple of partitions (0, . . . , 0, fj,, 0, . . . ,0) which is equal to /i in the ith 
place and empty otherwise. For example, l n i = (0, . . . , 0, l n , 0, . . . , 0), n; L = (0, . . . , n, . . . , 0). 
For n > 0, define classes pi(n) , ei(n) , hi(n) £ H™ ld (M(r,n) by 

Pi{n) = [closure{z £ Mj(r,n) T | limioz £ C^}] 

ej(n) = [closure{z £ Mj{r,n) \ limtoz £ C^.}] 

hi(n) = [closure{z £ Mj{r,n) T | limtoz exists}] 
Define the classes Pi (n) , Hi (n) , Ei (n) by 

Pi(n) = m(Pi( n )) 
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Ei(n) = Tj 1 (e i (n)) 
Hi(n) = r)i(hi(n)) 

Multiplication by Pi{n) defines an operator, also denoted by -Pj(n). Denote the adjoint of this 
operator by P%{— ri). The operators Pi(n), n € Z will be our Heisenberg operators. The operators 
Ei(n), Hi(n) will be important for us later when we discuss the boson- fermion correspondence. 

5 The Proof of the Commutation and Anti-commutation Rela- 
tions 

5.1 The Clifford Algebra 

Let i/ = le H°(M(r,0). 

Proposition 7. The operators ipi(k) , ip* (k) satisfy the following anti- commutation relations: 

i/fi(k)vo = Q Vfc<0,i = 0,...,r-1 
ip*(k)v = Vfc>0,i = 0,...,r-1 

Proof. Let 

F = @H°(M I (r,nf) 

n,l 

and let r\ be the isomorphism 

n : r — > B r . 

We will consider the operators 

and prove that they have the above commutation relations. For convenience, we will drop the 
notation r/ _1 , and denote our transported operators by ^(A;) , ip* (k) as well. In addition, since 
i[)i(k),ip*(k) and tpj(k),ijjj(k) for i ^ j act on different coordinates in the product of quiver 
varieties, the only interesting case is the case i = j; thus we may consider the case r = 1, and drop 
the subscripts i, j. 

In order to prove this proposition for r = 1, it will be convenient to identify the vector space 
T with the semi-infinite wedge space. Given an quiver variety M(li,v), we define subsets 
C^C^C^CZ by 

C ff,l = {k > I \ v k ^ v k -i} 
C^i = {k<l\v k = v k _i} 
Cv,i = U CZ { 

Arranging the elements of C$i in decending order, 

Cv,i = {io,h, ■ ■ ■} 

we get a semi-infinite wedge 

Cv,i i-> t A t'i A i 2 A . . . 
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We define the charge of a semi infinite wedge ioAii Ai2 A. . . to be the integer m such that i n = m — n 
for n sufficiently large; in this way the quiver variety M(li,v) corresponds to a semi-infinite wedge 
of charge /. Let Fi denote the C-span of the semi-infinite wedges of charge I. We define a vector 
space isomorphism 

< F I = 0*#c.(M(l,,t7))— 

by mapping 1 € H^,(M(li,v) to the semi-infinite wedge corresponding to M(li,v). The following 
lemma, which is easy to check, relates to coordinate entries Vk of v to the integers appearing in the 
corresponding semi-infinite monomial. 

Lemma 6. If M(li,v) corresponds to the wedge iq A i\ A i<i A . . . then the number of elements in 
the set {io, ii, *2> • • •} which are greater than k is 

v k if k> I 

Vk + 1 — k if k < I. 

The anti-commutation relations of the operators ip{k),ip* {k) will follow immediately from the fol- 
lowing 



Lemma 7. 

ip(k)(io A i\ A . . . 



(— l) s io A ... A i s _i Ak Ai s . . . i s -i > k > i s 

k = i s for some s 



(-l) s i A...Ai s _iAi s+ i... fc = i a 

k ^ i s for all s 



Proof. Fix I G Z. It suffices to show that the proposition holds for the operators & > ^ an d 

ip*(k), k<l. 

We begin with the operators ip(k), k > I. 

Suppose M(li,v) is nonempty and M(li,v) (io A *i A . . . A i n A . . .). 

Then M(l;4-j, u + Ar) is non-empty if and only if k ^ {io, ii, 22 • • •}• If (li+i) w + is non-empty, 
then the projections 

Pl :a(k) — » Af(l,,v) 

p 2 :a(Ar) — ► M(l l+1 , u + #) 

induce identity maps on cohomology, since the varieties involved are all points. 
It follows that 

[a(k)](i A i\ A . . . A i n A . . .) = i A i\ A . . . A i s A k A i s+ i A ... = (-l) s+1 k A io A i\ A . . . A i n A . . . 

where i s > k > i s +i- Therefore 

ip(k)(i Ah A ... Ai n A . . .) = (-l) Vk [a(k)](i A h A . . . A i n A . . .) 

But by the previous lemma Vk is the number of elements in the set {io,ii, ■ ■ •} which are greater 
than k, i.e. V/. = s, where i s -i > k > i s . 



4>(k)(i Aii A 



(— l) s io A ... A i s _i A k Ai s . . . i s _i > k > i s 

k = ic for some s 
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Now suppose that k < I. We will consider the operators ip*{k). We have that M(li+i,v + k{) is 
non-empty if and only if A; € {iq, H,i2, ■ ■ • }• As in the case tp(k),k > I, we have 

ip*(k)(i AhA. . .Ai n A. . .) = (-l) Vk+l - k [f3(k)}(i AiiA. . .Ai n A. . .) = S ihk (-l) Vk+l ~ k i AiiA. . .A§A. . . 

But v k + I — k is the number of elements in {io, *i , *2 5 • • •} which are greater than k 

=> tp*(k)(i An A . . . Ai n A .. .) = ^2S ij>k (-iyi Ah A ... A%j A ... = 

( (-l) s io A... Ai s _i Ai s+ i... k = i s 

\ k ^ i s for all s 

□ 

This completes the proof of the proposition. □ 
Thus we obtain part (a) of the theorem stated in the introduction. 
Theorem 3. 

l.n 

is a geometric realization of an irreducible module for the Clifford algebra CV . 
5.2 The Heisenberg Algebra 

Proposition 8. The operators Pi(n), n G Z, i = 0, . . .r — 1 satisfy 

Pi{n)uQ = 0, n < 

[Pi(n),Pj(m)} = n5ij5 n+mfi Id 
This makes B r into a geometric realization of the r -colored bosonic Fock space. 
Proof. Recall the isomorphism 

m : ©H^M^nf) — > HT d {M^n)) 

n 

We will consider the operators ?7j~ 1 P(n), and show that they satisfy the same relations. For sim- 
plicity we drop the notation r/^ 1 and denote the transported operators by Pi(n). Since Pi(n) and 
Pj(m) act on different factors of M^{r, n) T , the only interesting case is i = j; thus we may consider 
the case r = 1. 

For a partition A G (C 2W ) C *, we have a class [A] = ^(Ia) G H™ id (C 2[n] ). The classes {[A]} A hn form 
an orthonormal basis of H^J ,d (C 2 ^), so we can construct an isometric vector space isomorphism 

n 

Hsx) = [A] 

by sending the Schur function s\ to the class [A]. Then we have the following two lemmas. 
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Lemma 8. The map (ft is an isomorphism of algebras. 



Proof. See [Na],[Vas]. □ 
Lemma 9. (fi(rn\) = [L\] 

Proof. See [Na],[Vas]. □ 

In particular, the operator P(n), n > is the image under (p of multiplication by the power- 
sum symmetric function p n . Since (f> is an isometry, the adjoint operator P(—n) corresponds to the 
differential operator d/dp n . The proposition then follows from 

d/dp n (i) = o 

and 

\p n ,d/dp m ] = n5 n , m Id 

□ 

This gives part (b) of the theorem stated in the introduction. 
Theorem 4. For any l£Z r , 

QH^iMfa n),C) 

n 

is a geometric realization of an irreducible module for the Heisenberg algebra 7i r . 

Passing from representations of the Heisenberg algebra 7i r to a representation of the affine Lie 
algebra gl(r), we can identify the basic representation of gl(r), as in part (c) of the theorem stated 
in the introduction. Let Q C 77 be the sublattice whose entries sum to 0. 

Theorem 5. 

l&Q,n 

is a geometric realization of the basic representation ofgl(r). 



5.3 The boson-fermion Correspondence 

Now that we have constructed the fermionic operators tpi(k) , ip* (k) and the bosonic operators Pi{n) 
on the common space 

B r = ®H'P ld (M,{r,n)) 

n,l 

we can relate them to one another, giving a geometric realization of the boson-fermion correspon- 
dence. The result in this section should be compared to the main result of [Sav], which considers 
the case r = 1 and uses localization to relate the action of the Heisenberg algebra with an action of 
sZ(oo). We remark that the sl(oo) action considered in [Sav] can be constructed from the Clifford 
algebra action considered above. 
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Theorem 6. a) As operators on W , the bosons can be written in terms of the fermions: 

P i (n) = ^ i (k)^*(k + n) 



if n ^ 0, and 



j>0 j<0 

b) As operators B r (m) — ► B r {m ± 1), the fermions can be written in terms of the bosons and the 
shift operators: 

*Pi{k) = QHi(n)Ei(n -m + k) 
i>*{k) = Q~ l Ei(n)Hi(n + m + k) 
Proof. Recall the algebraic version of the r-colored bosonic Fock space 



where 



Klg = Balg <8> • • • ® B aig , 



Baig = C[q,q 1 ,p 1 ,p 2 ,...]. 



We denote the vector q l QS\ ® . . . ® q lr ~ 1 s\ r _ 1 € B r al by q l s^. The vectors {q 1 Sx\\T f° rm an 
orthonormal basis of B r alg . 
The map 

4> : B r alg — . B r 

^q r s x ) = [X] r GH^ d (M J {r,n)) 

is an isometric algebra isomorphism. This implies that the operators Hi(n),Ei(n) denned above 
correspond under (f> to multiplication by the homogeneous symmetric functions hi(n) and the ele- 
mentary symmetric functions ej(n) for n > and to their adjoints for n < 0. Of course, since <j) is 
an isometry and an algebra isomorphism, it is also an isomorphism of Heisenberg modules. 
By our construction of the Clifford algebra action on A r , (f> is also an isomorphism of Clifford 
modules. The theorem now follows from the algebraic formulation of the boson-fermion correspon- 
dence. □ 

6 Higher Level Representations 

6.1 A different realization of the colored bosonic Fock space 

-~-[n] 

We can repeat the constructions of Heisenberg and Clifford algebras using the space C 2 /Zfc in 
place of the space M(r, n), giving a different geometric realization of the the fe-colored Fock spaces. 

Since the bosonic Fock space is sufficient for our purposes in this paper, we will discuss it here. 

— M 

Recall that the fixed points A = (Ao, . . . , Afc_i) £ (C 2 /Zfc ) c * are naturally enumerated by fc-tuples 
of partitions of total size n. 



For a fixed point A = (Ao, . . . , \k-i) we have a class [A] = r)'(l?) £ Hp L t d (C 2 /Z& ), where 
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is the transport map. Let Sym k = Sym <g> . . . <g) Sym be the tensor product of k copies of Sym, and 
let 

s x = S A ® • ■ ■ ® »A fc _i- 

There is an isometric algebra isomorphism 

n 

---- [ n ] 

where the algebra structure on ® n H™ d (C 2 /Z,k ) is defined exactly as it was for the space 
® n H™ d (C 2[n] ). 

For £ C C 2 /Zfc a C* invariant curve, define the class -Ps(n) G © n H™ d (C 2 /Z^ ) as the fundemen- 
tal class of the variety of schemes whose support is a single point on the curve S. The fundemental 
classes [£] of C* invariant curves £ span all of i/^, (C 2 /Zfc), so by extending linearly we can define 
a class Px{n) for any X € -ff^* (C 2 /Zfc). In particular, if eo, • • • , e^-i are the fixed points of the 

C*-action on C 2 /Z&, we have classes P ri i^(n) E H™ d (C 2 /*Zik ). A detailed discussion of the 
fe-dimensional Heisenberg algebra spanned by the classes P rj ^ e .^(n) can be found in [Q-W], which 
includes the following proposition. 

Proposition 9. The operators given by multiplication by the classes P^uMn) and their adjoints 
Pr)'(ei)(~ n ) satisfy the following commutation relations: 

[Pri'(i)(n),Pri'( ej )(m)] = n5 it j5 n+mfl Id 
■ [n] 

In particular, © n H™ ld (C 2 /Z k ) is a geometric realization of the k-colored bosonic Fock space. 
6.2 Geometric Realization of Level k Representations 

The decomposition of ]J ?Mj(r, n) into connected components induces a natural grading on the 
vector space 

n,l 

For any matrix unit eij £ gl(r), the operator eij <g> t m € gl(r) is homogeneous with respect to this 
geometric grading in the sense that if x € H™ ld (M(r,n)) is homogeneous, then 
d j (g) t m (x) will be homogeneous as well. 

The inclusion Z^ =— > C* x 1 C T induces an action of Z^ on the spaces Mj{r, n) such that the 
connected component of the fixed point set JJ n ; -M^(r, n) Zfc are quiver varieties. 

Since the T- fixed points of \\ n fM^r, n) are the same as the T-fixed points of JJ n rMr(r, n) Zfe , 
there is a natural vector space isomorphism 

B r = ^H^ id (Mj{r,n)) ~ H^^M^r, n) Zfe ). 

Thus, the decomposition of ]J rMj(r, rif" k into connected components induces another (more re- 
fined) grading of £T. In general, elements of the form e^j ® i m are not homogeneous with respect 
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to this new grading, but elements of the form e$ ® t km are homogeneous with respect to it . Thus, 
the corresopndences used to generate the subalgebra gl(r) k = gl{r) <S> C[t k , t~ k ] ©Cc can be defined 
naturally inside the fixed points JJ ?MAr, n) Zfc x JJ n \Mj(r, n ) Zk ■ Since gl{r) k is isomorphic to 
gl(r) as Lie algebras, the geometric action of gl{r) k on @ ?HJp id (M]{r, n) k will give a geometric 
realization of the level k irreducible representations of gl(r). 

In the rest of this section we will use the above different realization of the /c-colored bosonic Fock 
space to construct operators corresponding to the action of the homogeneous Heisenberg subalgebra 
f) ® C[t k ,t~ k ] © Cc C gl(r) k on ~ n ^H^ id (Mj{r, n) Zfc ). Since the action of this subalgebra is 

sufficient for determining the level of the representation of the entire Lie algebra gl(r) k , this will 
justify our claim that taking Z^-fixed points gives rise to level k representations. 

6.3 Geometric Realization of the Heisenberg subalgebra f) ® C[t k ,t~ h ] © Cc 
For simplicity, we first discuss the case r = 1. 

The fixed points A € M(lo,n) c * C C 2 ^ are enumerated by the /c-regular partitions, which 
implies that the isomorphism 

$ : Sym — Hg d (M(l ,H) ~ 0iT™ d (C 2N ) 
restricts to an isomorphism 



In particular, the power-sum symmetric function p kn is now realized geometrically as a class 
P(kn) = 0(p fcn ) 6 H™ d (M(l ,n)). 

We have a commutative diagram 

n flg^Wo, n)) — 0n Hg*(&/Z h W ) 

t" 

Sym k -reg - >■ Sym k 

where 

/* : Hg? d (M(l ,n)) — ^(CVZ fc W ) 

is the cohomology map induced from our C* -equivariant diffeomorphism 

-~-[n] 
/:C 2 /Z fc — ►M(l ,rJ). 

The bottom arrow takes to where A is the fe-quotient of the /c-regular partition /i (see [Lei]). 

. — ■ . — C* 

Let 1 = X^i=o e i ^ e ^ ne un ^ m -^c*( ( C 2 /Zfc ); we have the associated Heisenberg class 

- -N 



i=0 
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Proposition 10. f*(P(kn)) =P^(x)l 



n 



Proof. Using the above commutative diagram, we have only to compute the image of the power- 
sum symmetic function p kn under the bottom isomorphism g. This is done in [Lei], where he shows 
that the g{p kn ) = Z)*=o(Pn)i> where 

(p n )j = l<S>...<8>p n ®--- ( £>lis equal to p n in the jth coordinate. It follows that 

fc-i fc-i 

f*(P(kn)) = ^ogo <t>-\P{kn)) = i> o g(p kn ) = ll>Q2(Pn)i) = Y, P V{e j )( n ) = P V(l)( n ) 

□ 

Lemma 10. Let 1 = J2i=i e i € H^C 2 /Z^ ) denote the unit, and let rj : H^(C 2 /Z k ° ) — ► 
Hq» (C 2 /Zfc) be the transport map. Then 

( v '(iU(i)) = k 

Proof. 

{r/(l),rf(l)) = (-l)p*(i- 1 )(7 7 / (l)U7 ? , (l)) = (-l)^(^ 1 )(z*(l)U^(l))Ue(iV-)- 2 = (-l)p,(lUlUe(iV)Ue(iV' 

k k k 

= U 1) = ei) U (J] e 3 )) = <^ = k 

i=l j=l ij=l 

□ 

Corollary 3. As operators on @^hPp ,ld {M{\Q,v), the operators P^(^\{n) satisfy the commutation 
relations 

[P v ,^(n),P vl (x}(rn)\ = kn5 n+mfi Id. 

Proof. Using the above lemma, we can repeat the argument of [Na], chapter 9. See also [Vas], 
[Q-W]. □ 

[n] 

In other words, the above proposition shows that the diffeomorphism between C 2 /^ and 
M(lo,n) identifies two different Heisenberg subalgebras: the diagonal one-dimensional Heisenberg 
subalgebra spanned by the operators P^/M)(n) and the one-dimensional Heisenberg subalgebra 
f) ® C[t k ,t~ k ] spanned by the operators P(kn). The above corollary gives a geometric proof that 
these Heisenberg algebras act on the Fock space with level k. 

We now consider the case when r 7^ 1. Since the action on Mr(r, n) commutes with the T action, 
the spaces Mj{r, n) Zfc are T-stable, and the transport map rf gives an isomorphism 

rf :Q)IPp id {Mj{r,nfK — ► Hft id (Mf(r, n)). 

v n 

The r-dimensional subtorus T'cT acts on M^{r, n) Zk , and we have a fixed point decomposition of 
Mj(r,n) T xZfc into products of components of (C 2 ^) Zfe . 
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For i = 0, . . . , r — 1, let Pi(n) be the operator /*(-P r? '(i)(?^)) which acts on the i-th tensor product 
factor in 

0#™ d (M^r,n) T ' xZ *) ~ H™ d (M(li,v^))®...®H™ d (M(lC_ 1 ,Vr-i)) 

Using the isomorphism rj\ : H™ ld (Mj{r,n) T ' x ^ k ) — > H™ ld (Mj{r,n) Ijk ), we can transport the 
Pi(n) to operators on 

0#^ id (M f (r,ra) Zfe ) 

We will denote these operators by P k (n) as well. 
In summary, on the space 

0^ d (M^r,n)^) 
i. n 

we have an action of an r-dimensional Heisenberg algebra generated by the operators P k {n). As 
in the case r = 1, this Heisenberg algebra acts at level k. Using the isomorphism 

0if™ d (M i {r,n) Zfe ) ~ZT 
i . n 

we have the following proposition. 

Proposition 11. 77ie operators Pf(n) gwe a geometric realization of the action of the subalgebra 
t)®C[t k ,t~ k ] on @ rn H^p id (M^r,n) Zk ). 

Proof. This follows immediately from proposition 10, as in the case r = 1: the operators Pi{n) 
correpond to multiplication by the power sum symmetric functions pi(kn) if n > and to the 
adjoint operator Q p a ^ kn -^ if n < 0. Thus the operators Pi(kn) span the subalgebra f) (g> C[t k , t~ k ]. □ 

7 Level-Rank Duality 

What we have done in this paper is construct geometric realizations of Heisenberg and Clifford 
algebra representations, and show that if one passes to representations of gl(r), then on the space 

n,l 

we get level k representations. On the other hand, Nakajima's original construction [Na94], [Na98] 
makes the very same space B r k into a level r representation of gl(k) (strictly speaking, Nakajima 
constructs representations of sl(r) of level k on Borel-Moore homology, but using equivariant co- 
homology one can extend this to an action of the entire algebra gl{k).) Thus we have a geometric 
interpretation of a level-rank duality in the representation theory of the affine Lie algebras gl(n). 
Algebraically, this duality was discovered and investigated in [Fr 81], where it was applied most 
notably to character theory and to KdV equations . All of the constructions in that paper should 
have geometric interpretations using Nakajima's construction and our dual construction. 
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The existence of a level-rank duality in Nakajima quiver varieties raises some geometric ques- 
tions. For example, instead of viewing our duality as a construction of two different representations 
on the space BL we can observe that we now have two different geometric realizations of the same 
representation: Nakajima's contraction on W k and our construction on B^- The author does not 
currently know a good geometric explanation for the exitence of two dual constructions of the same 
representation, and finding such an explanation seems the most important question emerging from 
the present paper. In the instanton language, what we are looking for is a relationship between 

U (r) instantons on C 2 /Zfc 

and 

U (/,') instantons on C 2 /Z r 

[n] 

When k = 1, this means finding a geometric relationship between the Hilbert scheme C 2 /Z r and 
the space M(r, n). Note that both spaces have torus actions with isolated fixed points, and in both 
cases the fixed point sets are parametrized by r-tuples of partitions of total size n. 

We should also remark that our decision to restrict our discussion to the type A case is not 
merely for convenience, despite the fact that Nakajima's construction works for more arbitrary 
r C SL(2, C). Indeed, it is tempting to try to compare the instanton moduli spaces 

Gi instantons on C 2 /T2 

G*2 instantons on C 2 /Ti 

where Gi is related to Tj, i = 1,2 by the McKay correspondence. Unfortunately these instanton 
moduli spaces are not complete, though in the case where G is of type A we can use the completion 
M(r,n), known as the "Geiseker compactification" . If G is not of type A, the author is not aware 
of a smooth completion of the moduli space of G-instantons on a surface. There is however, the 
singular "Uhlenbeck compactification", which does exist for more general G. One is tempted to 
conjecture that there should be a "level-rank" duality between the intersection cohomologies of the 
appropriate Uhlenbeck compactifications. 

8 Bibliography 

[C-K] D.A. Cox, S. Katz, Mirror Symmetry and Algebraic Geometry, Mathematical Surveys and 
Monographs 68, AMS (1999) 

[Fr-K] I. Frenkel, V. Kac Basic representations of affine Lie algebras and dual resonance mod- 
els. Invent. Math. 62 (1980/81), no. 1, 23-66. 

[Fr 82] I. Frenkel, Representations of affine Lie algebras, Hecke modular forms and Kerteweg- 
De Vries type equations, in Lie Algebras and Related Topics, Lecture Notes in Mathematics, no. 
933, D. Winter, ed. (Springer- Verlag, Berlin, 1982) 

[Fr 81] I. Frenkel, Two constructions of affine Lie algebra representations and boson-fermion corre- 
spondence in quantum field theory, J. Funct. Anal. 44 (1981) 259-327. 



30 



[Fr-Sa] I. Prenkel, A. Savage, Bases of representations of type A affme Lie algebras via quiver 
varieties and statistical mechanics, Inter. Math. Res. Notices 28 (2003), 1521-1547 



[GK] V.Ginzburg, M.Kapranov, Hilbert Schemes and Nakajima's Quiver varieties, unpublished 
manuscript. 

[Gr] I. Grojnowski, Instantons and affine Lie algebras I: the Hilbert Scheme and vertex opera- 
tors, Math. Res. Letters 3 (1996), 275-291 

[Hai] M. Haiman, Combinatorics, symmetric functions and Hilbert schemes In CDM 2002: Current 
Developments in Mathematics in Honor of Wilfried Schmid and George Lusztig, International Press 
Books (2003) 39-112. 

[It-Na] Ito, Nakamura, McKay Correspondence and Hilbert Schemes, Proc. Jap. Acad. 72 
(1996)135-138 

[K-K-L-W] Kac, Kazhdan, Lepowsky, Wilson Realization of the basic representations of the Eu- 
clidean Lie algebras. Adv. in Math. 42 (1981), no. 1, 83-112. 



[Kuz] A. Kuznetsov . Quiver varieties and Hilbert schemes. arXiv:math.AG/0111092 



[Lei] S. Leidwanger, Basic representations of and and the combinatorics of partitions, Adv. in 
Math. 141 (1999), 119-154. 



[Le-Le] B. Leclerc, S. Leidwanger, Schur functions and affine Lie algebras, J. Algebra 210 (1998), 
103-144. 



[Mac] Macdonald I.G., Symmetric functions and Hall polynomials, 2nd edition, Oxford Univer- 
sity Press, Oxford, 1995. 18 



[Na 94] H. Nakajima, Instantons on ALE spaces, quiver varieties, and Kac-Moody algebras, Duke 
Math. 76 (1994) 365-416. 



[Na 98] H. Nakajima, Quiver Varieties and Kac-Moody Algebras, Duke Math., 91, (1998), 515-560. 



[Na 97] H. Nakajima, Heisenberg Algebra and Hilbert Schemes of Points on Projective Surfaces, 
Ann. of Math. 145, (1997) 379-388. 



[Na 99] H. Nakajima, Lectures on Hilbert schemes of points on surfaces, AMS Univ. Lecture 
Series, 1999 



[Na] H. Nakajima, Jack polynomials and Hilbert schemes of points on surfaces, unpublished preprint, 
alg-geom /9610021 

[NY1] Instanton counting on blowup. I. 4-dimensional pure gauge theory (with Kota Yoshioka), 
Invent. Math 162 (2005), no. 2, 313-355; 



31 



[NY2] Instanton counting on blowup. II. .fT-theoretic partition funtion (with Kota Yoshioka), 
Transform. Groups 10 (2005), no. 3-4, 489-519; 



[PS] Pressley, Segal Loop Groups Oxford Mathematical Monographs. Oxford Science Publica- 
tions. The Clarendon Press, Oxford University Press, New York, 1986. 

[Sa] A geometric boson- fermion correspondence, math.RT/0508438 

[Se] Segal Unitary representations of some infinite-dimensional groups. Comm. Math. Phys. 
80 (1981), no. 3, 301-342. 

[Vas] E. Vasserot Sur lanneau de cohomologie du schema de Hilbert de C2 , C.-R. Acad. Sc. 
Paris 332 (2001), 712. 

[Q-W] Qin, W. Wang Hilbert Schemes of Points on the Minimal Resolution and Soliton Equa- 
tions, |math.Q A/0 404540 



contact: Tony Licata 
anthony. licat a@yale . edu 



32 



